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The zero temperature localization of interacting electrons coupled to a two-dimensional quenched 
random potential, and constrained to move on a fluctuating one-dimensional string embedded in the 
disordered plane, is studied using a perturbative renormalization group approach. In the reference 
frame of the electrons the impurities are dynamical and their localizing effect is expected to decrease. 
We consider several models for the string dynamics and find that while the extent of the delocalized 
regime indeed grows with the degree of string fluctuations, the critical interaction strength, which 
determines the localization-delocalization transition for infinitesimal disorder, does not change unless 
the fluctuations are softer than those of a simple elastic string. 
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I. INTRODUCTION 

Quenched disorder is a relevant perturbation in one- 
and two-dimensional non-interacting fcrmionic systemsi. 
In these low dimensions the resulting fully localized state 
can be averted at zero temperature only under the influ- 
ence of interactions. Such interaction-induced derealiza- 
tion has been demonstrated in one-dimensional systems 
with strong attraction^, and evidence for its potential 
existence in two dimensions, even in the presence of re- 
pulsive forces, has also been put forward4*£*&. Most of our 
knowledge of the interplay between disorder and interac- 
tions is for static disorder, and much less is known about 
the interplay between interactions and time-dependent 
disorderi&. 

Although for quantum systems, time-independent dis- 
order is the standard case, one can encounter situations 
where the motion of the electrons is constrained to fluc- 
tuating geometries which are embedded in a static dis- 
ordered space. In such a case, to the electrons, the 
disorder appears to change in time with temporal cor- 
relations which are inherited from the dynamics of the 
fluctuating geometry. Relevant realizations of this sce- 
nario include excitations in the core of vortex states^, and 
the cuprate high-temperature superconductors, in which 
the importance of self-organized, fluctuating quasi-one- 
dimensional electronic structures within the (disordered) 
copper-oxide planes has been pointed ou1*i&. On the tech- 
nical side, introducing the time dependence of the scat- 
tering potential in such a way has the advantage of en- 
abling us to treat the problem using standard methods 
of equilibrium quantum statistical mechanics. 

We therefore devote the present paper to the study of 
the consequences of coupling interacting electrons, con- 
strained to move along a fluctuating string embedded 
in a plane, to static disorder within the plane. We con- 
sider several string Hamiltonians including that of a rigid 
string inside a harmonic well, a stretchable elastic string 
and a floppy string of fixed length. These models form 
a hierarchy in terms of an increasing degree of string 
fluctuations. Assuming weak disorder and long wave- 



length fluctuations we investigate the relations between 
the electron-electron interactions, disorder and string dy- 
namics using a renormalization group analysis. Our one- 
loop treatment of the problem captures the mutual renor- 
malization of these three elements. It ignores subtle in- 
terference effects due to coherent scattering from many 
impurities, but in one dimension (unlike in two or more 
dimensions) where the localization length is known to be 
of the order of the mean free path, such effects are not 
expected to play an essential role. As anticipated, we find 
that the extent of the delocalized phase increases when 
the string fluctuations become more pronounced, as is 
demonstrated for example by Fig. |2 However, in the 
cases of the rigid and elastic strings, the critical point 
that separates the localized and delocalized phases for 
infinitesimal disorder remains at the same critical inter- 
action strength as for a static string. Only when the 
softer fluctuations produced by the floppy string dynam- 
ics are considered, one finds that the critical point shifts 
towards smaller values of interactions. 

The main body of the paper is composed of three sec- 
tions, each dealing with one of the realizations of the 
string dynamics as indicated above. Every one of these 
sections introduces the model for the coupled electronic 
and string degrees of freedom, in the presence of disor- 
der. The renormalization equations are then derived and 
the resulting zero-temperature phase diagram discussed. 
The effects of the forward-scattering part of the disor- 
der on the charge-density wave (CDW) and spin-density 
wave (SDW) correlations are also given. Some of the de- 
tails pertaining to the derivation of the renormalization 
equations are relegated to the appendices. 

II. A RIGID STRING IN A PARABOLIC WELL 

A. The Model 

We begin by considering interacting electrons which 
are constrained to move on a straight rigid string of 
fixed length L, embedded in a two-dimensional disor- 
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dered plane. The string is assumed to oscillate inside 
a parabolic potential and its state is characterized by its 
deviation u(r) from the classical equilibrium configura- 
tion at the bottom of the well (which we define in the 
following as the x-axis). The string Lagrangian in imag- 
inary time is therefore 



L s = y(cU) 2 



-u 



(1) 



where M is the mass of the string and loq its oscillation 
frequency. 

The low-energy physics of the one-dimensional elec- 
tron gas (1DEG) is captured by the Tomonaga-Luttinger 
model 11 in which the spectrum is linearized around 
the two Fermi points at ±fep, and the electronic 
operator Vv={|.i} i s decomposed in terms of slowly 
varying left (y = — ) and right (y = +) moving 



components: ip<j( x ) 



V>-, ff (z) + e ik ^ +jCr (x). 



We follow the standard notation and parameterize 
the interactions between the electrons according to 

\ X^cr' fe/Vcr/W +g2Pv^P-u,<j' ~ 9\\\K,a< Pv,<tP-v,<j' + 

9\^o.-a'^l^^ v ^v,a'^- v ,a\ where p v ^ a = ipt^tpu^. 
The model can also be expressed in terms of charge and 
spin bosonic fields 4> a ={c,s} and their conjugated mo- 
menta d x 9 a , in terms of which the electronic Lagrangian 
is given by (here and throughout h = 1) 



r dx v 

Jo 



id T (j) a d x 9 a 



v n K n 



2K a 



{d x (j> 



9i± 
2{-naf 



cos(V87T( ? !) ;j ) , (2) 



where a is a short-distance cutoff of the order of the lat- 
tice constant, and the velocities and Luttinger parame- 
ters are related to the Fermi velocity vf and the interac- 
tion couplings according to 

v c = ^^(2irv F + 2g 4 ) 2 -(2g 2 -g n ) 2 , 
1 



K c 



h-KVF + 2g 4 - 2g 2 
V 2-itvf + 2g± + 2g 2 — g\\\ 



(3) 
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As can be seen from our analysis of the more general 
problem of a fluctuating string, as presented in Sec. IIIII 
in the present model (which is equivalent to a 1DEG 
coupled to an optical phonon in the transverse direction) 
the only coupling between the electrons and the string 
(in the absence of disorder) is via a renormalization of 



the string mass. We assume that this renormalization 
M — ► M + mN e , where m is the electronic mass and 
N e is the number of electrons on the string, has been 
incorporated into the definition of the parameters which 
appear in the string Lagrangian, Eq. |T]l. 

The plane containing the string and the electrons is 
taken to include a weak random potential which couples 
to the electrons, but not directly to the string. This 
choice is motivated primarily by the situation in the 
cuprates where the "strings" are actually defined as the 
loci of points occupied by holes in the plane, and as such 
couple to the disorder only indirectly via the electronic 
degrees of freedom. The forward scattering k ~ and the 
backward scattering k ~ 2kp components of the impu- 
rities potential are assumed to be uncorrelated Gaussian 
random fields rj and £ with rj(x,y)r)(x' ,y') = Df5(x — 
x')5{y - y'), and ^{x,y)^x' ,y') = D b 5{x - x')5{y - y'), 
respectively^. The coupling of the electrons to the impu- 
rities is given by 

L dis = / dxT)[x,u(T)]p u>tr (x,T) 

L [2 

dx\ -rj[x,u{T)]d x (j) c (x,T) , (4) 

V 7T 



and 



V / dx£[x,u(T)]ipL i<T (x,T)i/} +ta (x,T) 
„ Jo 



TLc. 



dx 



+H.c. 



£[x, u{T)]e l ^^(x,T) COS [V2^0 S ( X , r)] 

(5) 



Here the constraint which confines the electrons to the 
string manifests itself in the position at which the disor- 
der potential is evaluated. This, in turn, induces a cou- 
pling between the electronic and string degrees of free- 
dom, and leads, in the reference frame of the electrons, to 
an effective time-dependent disorder. This time depen- 
dence precludes the possibility of gauging out the forward 
scattering disorder component from the action by an ap- 
propriate shift of (j> c , as was done in Ref.0. Instead, both 
the forward scattering and the backward scattering com- 
ponents will be treated on equal footing within one-loop 
renormalization group analysis. 

To this end, we use the replica trick and average the 
replicated action over the random fields r\ and £. We will 
obtain the renormalization equations to first order in D b 
and Df, and to second order in gi±, which is also as- 
sumed small. To this order, the replica indices play no 
role and consequently they will be omitted in the follow- 
ing. The averaged action is therefore 
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S = 



Jdr[L s +L e ] ^- J drdr' dx S[u(r) - u(t')] Pv,a(%, T)p v >, a >(x, t') 

f,u' ,cr,a' 

^ J dTdr'dxS[u(r)-u(T')}J2 [^ + Jx,r)^^(x,T)^ a ,(x,T')^ l (x,T , )+R, 



(6) 



B. Renormalization and Phase Diagram 

We derive the renormalization flow equations for the 
model by requiring invariance of the long- wavelength low- 
frequency behavior of the correlation functions under a 
change of the cutoff 3,12 . We begin with the electronic 
correlations and integrate out the string degrees of free- 
dom in order to obtain an effective electronic action. The 
result is an action which is derived from Eq. ijfJJl by replac- 
ing 6[u(t) — u(t')] by its average over the string dynamics 



F{t-t<) = 



(S[u(r)-u(r')]) 
1 

2^ 
1 



d\(e lX[u{T) - u{T ' )] ) 



(Ht)-u{t')Y) 



2\-i 



(7) 



As we demonstrate below, it is this function which de- 
termines the modification in the renormalization flow of 
the model as a result of the string fluctuations. In the 
present model one finds 



F(t) 



where the length 



f 



1 



(8) 



(9) 



is a measure of the amplitude of the string fluctuations 
inside the harmonic well. 



Our renormalization procedure is akin to real-space 
renormalization in the sense that electronic degrees of 
freedom at points (x,r) and {x,t') are identified inside 
the interval \t — t'\ < a/v s . Upon such identification, the 
|r — t'| < a/v s part of the forward scattering term in Eq. 
© is equivalent to 52 and 174 interaction processes, while 
the corresponding part of the backward scattering term is 
equivalent to gi\\ and gi± processes. As a result one can 
absorb the contributions of these parts via a redefinition 
of the interaction parameters according to 



ra/v a 

g 2 4 = 52.4 - 2D/ / drF(r) , 
Jo 

9i\\,ix = 9i\\,i±-2Db I S d T F(r) . (10) 



The effective electronic action then reads 



S P , = / drL, - 



D f 



drdr'dxF^ - T')d x 4> c (x,T)d x ,(fj c (x,T') 



(11) 



(™) 2 J\ r -T'\>a/v 



|t— t'| >a/v s 

drdr'dx F(t — r') cos[\ // 2TT(j) s (x 1 t)] cos[v / 27r0 s (x, t')] cos[v / 27r</) c (a;, r) — \/2ir(f> c (x, r')] , 



r 



where L e has the same form as Eq. (|2J) , but with modified 
velocities and Luttinger parameters, which to first order 
in the disorder strength are given by 



2K, 

1 / 1 



Df + — [ —~K c )D b 



K c = K t 
Ks = K. - 



9K 2 1 



1 

27TW, 



2lTV r 



a/v s 
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a/v s 
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2tt\K 
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-(- 

2n\K c 

\ ra/v, 
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1 



- K„ - 



(1 + Kj)D h / drF(r) 



(12) 
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as a consequence of Eqs. <|3I10|) . Here and in the following 
we have defined the dimcnsionless spin-flipping backward 
scattering coupling 

y= — ■ (13) 

irv s 

The derivation of the renormalization equations for the 
parameters which appear in the effective electronic ac- 



tion, Eq. H 1 1 p . follows closely Ref. 0- We give some 
details concerning the contribution of the forward scat- 
tering disorder to these equations in Appendix lAl where 
the latter are also listed. We then use them, together 
with Eqs. (|8I12I) . to obtain the renormalization equations 
of the electronic and disorder parameters in the original 
disordered averaged action, Eq. ©. The result is 
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di 
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4 [v f 




(2-2K s )y- 
(3 _ Kc -K s - y)V b 



r 



where the running cutoff is given by a — a^e 1 and where 
we have defined the dimcnsionless quantities 



V f = 



Dba 

TT 3 / 2 V 2 X 

ir 3 / 2 v 2 \ 
aujQ 



r. 



(15) 



Expressing the flow equations in terms of the origi- 
nal velocities and Luttinger parameters has the advan- 



tage that these, unlike the barred quantities of Eq. i|12[l . 
are related to the electronic interaction couplings in a 
familiar manner. As a result, it is straightforward to 
check that if the system is initially at the non-interacting 
point K c = K a = 1, v c = v a = vf and y — 0, then 
it stays there in the course of the renormalization, i.e. 
dK c /di = dK s jdi = dyjdl = 0. In other words, a system 
of independent electrons remains so even in the presence 
of (time-dependent) disorder. Secondly, the equations 
preserve spin-rotation symmetry. If one starts from a 
spin-rotation invariant Hamiltonian = it con- 
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tinues to respect this symmetry during the renormaliza- 
tion process. This fact can be easily checked for small 
gx, in which case K s « 1 + y/2. The flow maintains this 
relation^ since it satisfies dK s jdl — l/2(dy/di). 

Note that the renormalization equations for the elec- 
tronic parameters do not include the impurity forward 
scattering amplitude T> f . It does appear in the flow equa- 
tions, Eq. (|A4|) , for the parameters in the effective action 
S e , but cancels out for the original parameters as a con- 
sequence of the relations given in Eq. H12|) . This fact has 
been demonstrated in the case of a static string^, where 
it is possible to completely absorb the forward scattering 
due to impurities by a redefinition of the field <p c . Here 
we show how it also arises when one treats the scatter- 
ing perturbatively and find that it extends also to cases 
where the string is dynamical. 



asymptotic behavior of W to first order in the disorder 
and obtain 
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FIG. 1: The function W(x, 0) for the different models: a rigid 
string in a parabolic well (solid line), an elastic string (long- 
dashed line) , and a floppy string (dashed line) . Both axes are 
scaled by lo = v c /uio, (v c /v u )a, and 47r(t> c /7)A, in the three 
cases respectively. 

The forward scattering does influence, however, var- 
ious correlation functions, most notably those of the 
charge density wave i?cDW and spin density wave i?sDW 
order parameters, which are both proportional to the 
function R c defined in Appendix ^ Consequently one 
finds flcDW,SDw(s, r ) e~ w ( x ' T \ with the exact result 
for the static string W(x,t) = 2Dj d (K c /v c ) 2 \x\ (here 

D ld measures the disorder correlations along one dimen- 
sion and as such differs by factor (2y/Tr\)^ 1 from Df 
which appears in our analysis.) When fluctuations are 
included we are able to calculate, using Eq. (|A3|) . the 



W(x,0) 



and 



W(0,t) 




uj \x\ < v c 
u) \x\ > v c 



(16) 



V S VJ 

In 4 



<D(t 2 



V 



^K 2 c \n{^\r\) + 0{1) 



wo|r| < 1 
wokl > 1 



(17) 

The full behavior of W(x, 0) is presented in Fig. ^ 
The exponential suppression, at large distances, of the 
charge and spin density wave correlations due to forward 
scattering is similar to that in the case of a static string. 
Note that the static limit result is obtained by taking 
luq — > oo in order to keep the string in its ground state, 
at least as far as the low-energy electronic physics is con- 
cerned. Since T>f oc A -1 the latter limit implies the need 
to scale D f with A in order to remain in the perturbative 
regime, where our results are valid. In contrast to the 
case of the static string the fluctuations also increase the 
algebraic decay of i?cDW and i?sDW in the time domain 
and lead to a decrease in the conductivity and pairing 
correlations. We will present results pertaining to this 
latter issue elsewhere. 

In order to derive the flow equations of the string 
parameters we first average the action, Eq. over 
the electronic degrees of freedom. In accordance with 
the procedure we have utilized previously, here too, 
we distinguish between electronic degrees of freedom 
only as long as their time separation is larger than 
a/v s . Consequently, for shorter separations the elec- 
tronic operators which appear in the forward and back- 
ward scattering parts of the action, Eq. @), become 
(c^ c ) 2 and [(d x 6 c ) 2 - (a^ c ) 2 + (d x 9 s ) 2 - (d x <j> s ) 2 }/4ir + 
l/(27r 2 a 2 ) cos(v / 87T</>s), respectively. The averages of 
these operators diverge quadratically and need to be reg- 
ularized using an appropriate cutoff (except for the co- 
sine operator which vanishes whenever the system is in a 
spin-gapless phase). To do so, we note that in the course 
of the renormalization procedure the short time piece of 
the integral is being constructed by adding infinitesimal 
slices from the initial cutoff clq to the its running value a. 
We therefore evaluate the electronic averages within each 
slice using the value of the cutoff at the time the slice was 
added along the renormalization process. The outcome 
is the following effective action for the string degrees of 
freedom 



S s = 



drS* — L 



DfK c D b 
2(ttv c ) 2 8tt 2 



^ ( h- K ) + v 2 {k 



drdr 



a/v B >\r— T'\>a /v s 



, S[ u(r) - u(t>)} 
( r _ r /)2 
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L 



' |r— t' I >a/v s 



drdr' 5[u(t)-u{t')] 



2ir 2 v 2 c {t - t') 2 2(7ra) 2 



(18) 



In Appendix[E]we use this action to derive the flow equa- the result is 
tions for zu and A. Using the dimensionless string length 

C = ta' < W ' 



dvv 
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[l-f(v,K)Y 
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37^3/2 

vj sinh w 



vj(1 



7)3/2 



f(v,K)(2-K c -K s -y) dry 

J e 

/•ZU 

f(v,K)(2-K c -K s -y) d V 



cosh 77 



1 — cosh r] + 1] sinh i] 
77 2 (1 - e-vf/ 2 



(20) 



where we have introduced the compact notation 

™-;ter[®'(±-*K-4 

(21) 

Eqs. lf*H|l and (PU)l describe the interplay between the 
electronic interactions, disorder and string dynamics. In 
the present model the critical point which separates the 
regimes of relevant and irrelevant disorder, in the limit 
of extremely weak bare impurity potential T>b ™ > 0, is 
insensitive to the string fluctuations and is given by the 
condition 

3 - K c - K* = , (22) 

where K* is the renormalized value of K s due to the 
coupled flow with y. However, for finite disorder, fluc- 
tuation induced delocalizing effects are present and are 
manifested in two ways. First, since T>b oc A , see Eq. 
(|15|l , large amplitude oscillations tend to decrease the ini- 
tial value of the effective disorder strength. Secondly, the 
oscillations frequency defines a crossover scale w ~ 1, be- 
low which the disorder is more effective in renormalizing 
the interactions towards more repulsive values, as can be 
seen from the flow equation for K c . Since strong attrac- 
tive interactions are necessary to drive the system into 
a delocalized phase, decreasing the oscillation frequency 
makes this eventuality less likely to occur. The combined 
outcome of these two mechanisms is an increase in the 
extent of the delocalized region as one increases the oscil- 
lation amplitude and frequency. The effect of varying the 
latter is presented in Fig. [21where we plot the separatrix 
between the regimes of relevant and irrelevant disorder 
for several oscillation frequencies while keeping A fixed. 

The analysis of the various flow regimes, as determined 
by the renormalization equations, is similar to the one 
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FIG. 2: The separatrix between the localized and delocalized 
phases in the K c — T>b plane for different values of the string 
fluctuation frequency: zu — 1 (solid line), zu = 0.1 (long- 
dashed line), and zu — 0.01 (dashed line). Here v c — vf = 1, 
V = 0.1, K s = y/(l + y/2)/(l-y/2), v s = y/l - (y/2)*, 
C = 10. For infinitesimal disorder the critical point separating 
the localized and delocalized regimes is identical to the static 
one. However, for finite disorder the size of the delocalized 
region is increased by the string fluctuations. 



presented in Ref. |3J, and we comment on it briefly. When 
both T>b and y flow to zero the system approaches a fixed 
line parametrized by K* > 2 (in the spin-rotationally 
invariant case). This line corresponds to a delocalized 
phase with dominant triplet pairing correlations. When 
y is initially small or negative it flows to large negative 
values and pins the spin field <j> B . At the same time T>j, 
may still be irrelevant provided its bare value is small 
and K c is large. For infinitesimal disorder the latter re- 



7 



quirement becomes K c > 3, implying that the resulting 
delocalized phase is dominated by singlet pairing fluctu- 
ations. In both cases the string parameters u>q and A 
decrease but attain finite fixed values corresponding to a 
still fluctuating string. 

When 2?{, scales to infinity the perturbative renor- 
malization equations can no longer be trusted. This 
strong coupling regime contains the non-interacting sys- 
tem, which in the static case is known to be localized, 
based on exact calculations. As long as one assumes that 
there is no additional fixed point at intermediate coupling 
this fact implies that the entire strong coupling phase is 
localized. For the fluctuating string no such exact solu- 
tions are available. However, the non-interacting prob- 
lem is equivalent to that of a particle (with anisotropic 
mass) moving inside a two-dimensional disordered poten- 
tial and a harmonic well in the y direction. It's wavefunc- 
tion, fy(x,u), is believed to be localized for any strength 
of the disorder, implying localization of the electrons and 
pinning of the string. The latter effect is also reflected in 
the renormalization equations for the string parameters, 
which in the case of relevant backward electronic scatter- 
ing, flow towards loq ~ > and A — > 0. The nature of the 
localized state depends on the sign of the renormalized 
coupling g* . The system is expected 3 to consist of local- 
ized pairs of spins for g\ < and of isolated spins inter- 
acting via antiferromagnetic superexchange when g\ > 0. 

III. ELASTIC STRING 
A. The Model 



in which it is characterized by its linear mass density p 
and tension a. Alternatively, the string can be described 
by the velocity of the elastic waves which it carries 




(24) 



and by the length 

X = (25) 

The latter is related to the average slope of the string, 
relative to its equilibrium configuration, according to 



V((d x u)i) = x/a . (26) 
The condition of a stiff and massive string implies A <C a. 

In a previous publication, Ref. IbH one of us has 
demonstrated that the constraint which forces the parti- 
cles to remain on the string induces a non-trivial metric 
for the electrons, and couples them to effective gauge po- 
tentials, which are functions of the string degrees of free- 
dom. In the absence of external electromagnetic fields 
the metric and gauge potentials are given by 

g(x,r) = 1 + (d x u) 2 , 

Mx,t) = -Tr(dru) 2 , (27) 
2e 

a I \ imc 
Ai[x,t) = o x ua T u . 



Here we consider an elastic string whose projection on 
the x axis is of fixed length L x , and which obeys periodic 
boundary conditions in this direction. We consider the 
limit of a stiff and massive string such that we can ignore 
overhangs and describe its state by the deviation u{x, r) 
from the classical equilibrium configuration. The string 
dynamics is governed by the Lagrangian 



dx 



tL{d T uf + -{d x uY 



(23) 



Assuming a fixed number of electrons, N e , on the string 
we require that their projected density n x = N e /L Xl or 
equivalently, their projected Fermi wave- vector kp x — 
im x /2 obey kp x a > 1, such that the 2kFx components 
of the gauge potentials and the metric may be neglected. 
We also assume that the energy associated with the short 
wavelength string waves obeys v u /a <C Efx = k 2 Fx /2m = 
VFxkFx/2. Consequently, we disregard backward scatter- 
ing due to string fluctuations. Under these conditions the 
electronic Lagrangian is 



dx< 



E 



-id T <t> a d x 6 a + v -^(d x a ) 2 + ^(d x <f> a ) 2 
2 2K n 



9 2 7T7 — 77rCos(V87T(/) s ) 



2{na) 2 



eA -g 1 E Fx ~—g 3 (d x g) 2 
Aim 



2 e 



d x <t> c -v c K c d—Aid x e c + v c K„Ai } .(28) 



Here v a and K a are derived from the previously defined short range interactions of the form V(s — s') oc S(s — s'), 
quantities in Eq. @ via the replacements vf g x vp x where s is the arc-length parameter along the string]. 
an d 5i ||,2,4 - * 9 9i\\,2,4 [this is a result of assuming The terms involving in Eq. (|28|l induce a renormal- 
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ization of the bare string parameters at tree level. The 
first of them is identically mn x f^* dx(d T u) 2 /2 and ex- 
presses the fact the electrons are dragged with the string 
as it moves, thereby increasing its effective mass density 



p + mn x 



(29) 



When expanded to second order in derivatives of u, the 
second term reads Ep x n x — 1Ep x n x f Q Lx dx(d x u) 2 /2. It 
encodes the fact that when the number of electrons is 
fixed, their total kinetic energy is lowered as the string 
fluctuates and becomes longer on the average. This gain 
in kinetic energy favors a more flexible string through the 
renormalization of its tension according to 



a — * a — 2Ep x n x 



(30) 



In the following we assume that these effects are small 
and have already been incorporated into the definitions 
of the string parameters which appear in Eq. 112MI) . 



B. Renormalization and Phase Diagram 

In order to derive the renormalization equations for the 
electronic parameters we integrate over the string con- 
figurations. Using a cumulant expansion to average the 
electronic part of the action, Eq. I|28[l , we find that to sec- 
ond order in A/a, the result is of the ordinary Luttinger 
type, Eq. I 11 the averaged action the velocities v a 
are related to the values v ax they would have in a static 
straight string of length L x with Fermi velocity vp x and 
the same interactions, according to 



VFa. 

4 



1 



K ai 



(31) 



while the Luttinger parameters and g\±^ are renormalized 
from their values in the straight system as 



1 ( A 



9i± = gi±x - g I ~ ] 9i±x 



(32) 



This renormalization is geometric in origin, as explained 
in Ref. 1 1. and is absent (apart from a residual correction 
to the velocities), when one keeps the electronic density 
along the string, rather than the number of electrons, 
fixed. We will therefore not discuss it further. Higher 
order terms in the small parameter A/a, which are gen- 
erated in the averaging process, are typically non-local 
and can be shown to be irrelevant in the renormalization 
group sense. 

Since in the present model ([u(x,t) — u(x,t')] 2 ) = 



2A 2 ln(l 



It — t'I/o), the function 



F(r) 



20FA 



In 



-1/2 



which appears in the averaged disorder part of the action, 
Eqs. illUlllfl . lacks a cutoff independent length scale, nor 
is it a power law. Consequently, an attempt to carry 
out a renormalization procedure for a (5-correlatcd Gaus- 
sian disorder, as was done for the rigid string, runs into 
the problem of not yielding a simple multiplicative renor- 
malization. Stated differently, we are unable to assign a 
single scaling dimension to the disorder operator. In or- 
der to overcome this difficulty we consider instead the 
more general case of correlated impurity potentials 



(r)(x,y)r](x',y')) = S(x - x')D f (y - y') 

= S(x-x') J dkD f {k)e lk{y - v ' ] , 

W^yW^WY) = S(x-x')D b (y-y') (34) 

= S(x-x') [ dkD b {k)e lHy - v ' ] , 



and employ functional renormalization to study the flow 
of D b j(y — y'). As a result of the different disorder cor- 
relations one should replace 



Db,fF(r) 



dkD b j(k)e 



-i£([u(0,T)-u(0.,0)] 2 ) 



dkD bJ (k) ^ 



-X k 



(35) 



in Eqs. (|11I12I) . Note that the last equality holds ap- 
proximately for w u |r|/a > 1, and is therefore appropriate 
for use in the effective action, Eq. For a consistent 

treatment we have to use the same form in the relations, 
Eq. H12(l . where in order to assure convergence of the r 
integral we need to assume D b j{k) = for |fc| > A -1 . 
Since at the bare level our stiff string satisfies A <§; a, and, 
as we shall demonstrate, A tends to decrease in the course 
of the renormalization, this requirement is not stringent. 
The fact that the temporal correlations introduced by 
each disorder Fourier component are algebraic makes it 
possible to follow the same renormalization scheme we 
have used in the case of the rigid string. Finally, we com- 
ment that because both the electronic and the disorder 
parts of the action contain the string coordinates, aver- 
aging over the latter introduces cross-terms between the 
two parts. These terms, however, are higher derivative 
terms compared to those originating from the averaged 
disorder part and are therefore less relevant. We will 
therefore neglect them in the following. 

Introducing the dimensionless disorder components 



V b {k) 



2D b (k)a 
irv 2 \ \v c 

2D f (k)a /«„ 



A' 



-\ A k A 



> 2 \ 



(36) 



(33) we obtain the following renormalization equations 
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dKc 
di 

dv c 
~d£ 

dK s 
di 

dv s 
di 

dy 
di 



di 
dV b {k) 

di 



1 

2 

v 



dkX 



dkX 



K 



1 v. 



2 \v t 

1 (Vc 

2 U, 



A c -2 



A c -2 



3 - K c - K s -y- X 2 k 2 
1 - A 2 fc 2 

3-K c - K s -y- \ 2 k 2 



(1 + K 2 C ) 



V h (k) , 



1 - A 2 fc 2 



K 



V b {k) 



y 2 K 2 - -Ki dk\V b (k) 



1 fv c 



4 V v 



Kr 



dkX 



(3-K c -K s -y- X 2 k 2 )(l + K 2 ) + AK 2 y 



1 - A 2 fc 2 



-f / r/Av\ 



(2-2^ s )y- 



2 V «. 



A',, 



3-K c -K s -y- X 2 k 2 



1 - A 2 fc 2 



ft"* 



A,. 



1 /v, 



4 V « 



A, 



( 4(X S -K c )-y 

(1 - \ 2 k 2 )Vf{k) , 
(3-X c -^ s -y-A 2 fc 2 )2Vfc) 



4 V^s 

^2 



1 - K i + (2 - K c 



dkXV b (k) 



-K 



dkX 



■Db(k) , 



Vb{k) 
1 - A 2 fc 2 



2? 6 (fc) 



(37) 



The flow equations for the string parameters may be derived along the lines indicated in Appendix [5] with the result 



dX 



1 v u 



^ = ~~X { [1 - f(v, K)] I dkX 3 k 2 V b (k) - f(v, K){2 -K c ~K s -y) I dkX 
^T=-l—\l 1 -f( v > K )] I dkX 3 k 2 V b (k)~f(v,K)(2-K c -K s ~y) I dkX 



k 2 X 2 



di 



2 v s 



1 - fc 2 A 2 
_fc 2 A 2 _ 
1 - k 2 X 2 



I _ e -(l-k 2 \ 2 )t 

1 _ e -(i-fc 2 A 2 K 



V b {k) 



(38) 



where f(v,K) is given by Eq. (|21|) . 

It is evident from the flow equation for the disorder 
that high-wavevector components in the correlation func- 
tion of the scattering potential are less relevant. Con- 
sequently, the boundary separating the regions of rele- 
vant and irrelevant disorder is determined by the lowest 
wavevector components that are present in the correla- 
tion function. For a very weak bare disorder which is 
(5-correlated in real space, this would mean that while 
it acquires, in the course of the renormalization, cor- 
relations over longer length-scales, the critical point is 
still given by the condition 3 — K c — K* = 0, as in the 
cases of the static and rigidly-oscillating strings. The k- 
dependence of the disorder scaling dimension also implies 
that the flow of the electronic parameters in Eq. (|37|l is 
dominated by the k ~ components, for which it coin- 
cides with that of a static string. Therefore, the effects of 
string fluctuations enters predominantly via the depen- 
dence of the dimensionless disorder strength, Eq. (|36[) . 
on A -1 . As fluctuations increase, and with them A, the 
initial conditions of the flow, for a given scattering po- 
tential, shift towards lower values of T> b . As a result the 
extent of the region in which the disorder is irrelevant 
increases as well. Contrary to the case of the rigid oscil- 



lating string there is no available solution which describes 
the present system in the region of relevant disorder. We 
are therefore unable to positively identify the nature of 
the strongly disordered phase. It seems likely, however, 
that it is localized with magnetic properties which de- 
pend on the flow of y in the manner discussed at the end 
of the previous section. 

Considering the impurity forward scattering contribu- 
tion to the suppression of the CDW and SDW correla- 
tions we obtain, after taking Df(k) = the following 
results for the function W(x, t) defined previously 



W(x,0) 



and 



W(0,t) 




1 DfKj a 
y/n v c v u A 
4.95 DfK 2 c I 



-o 



Hall 



s 



ln" 



(in-^j 



: \x\ « v t a 

5 

: \x\ » 

(39) 

+ 0{t 2 ) :v n |r|« a 

I VuT I 

I a I 

: v u \r\ > a 
(40) 
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IV. FLOPPY STRING 



A. The Model 



An obvious way to increase the degree of string fluctua- 
tions in the model is to replace the elastic energy term in 
the string Lagrangian, Eq. (|23[l . by a new term involving 
higher spatial derivatives of the displacement function u. 
Such a simple modification, however, is insufficient, since, 
as we have demonstrated in the discussion preceding Eq. 
(|30|l . the dependence of the electronic kinetic energy on 
the string length will induce such an elastic term even 
if it is absent from the bare string dynamics^. In order 
to avoid this effect we need to consider a string of fixed 
length L and average electronic density n. We assume 
that the string is held fixed at one of its end points (which 
we take as the origin) , and that its motion is constrained 
to be periodic in the y direction, i.e., that both ends are 
always at y = 0. Since one end is free to slide along the x 
direction we are unable to characterize the configuration 
of the string by a single displacement function u(x,t). 
Instead we use the arc-length s £ [0, L] to parameter- 
ize the string position i?(s,r) = [X^^)^^^)] in the 
plane. Taking the bending energy of the string to depend 

yJ(d 2 X/ds 2 ) 2 + (d 2 Y/ds 2 ) 2 one obtains 



on its curvature 



L x 



ds 




+ 



d 2 R 

ds 2 



together with the constraint 

(0 S X) 2 + (d s Y) 2 = 1 



(41) 



(42) 



reflecting our choice of parameterization. 

To make progress we need to assume that the string is 
massive and possesses a large bending modulus 7, such 
that its fluctuations about the x axis take place over large 
length scales. Specifically we require that 



a aJp^ 



< 1 . 



(43) 



As we now demonstrate, under this condition the con- 
straint, Eq. I|42[) . may be solved approximately d s X ~ 
1 — ^(d s Y) 2 , to imply, given the specified boundary con- 
ditions, that 



X(s,t) = s + AX(s,t) 
1 



d S '[^y( S ',r)] 5 



(44) 



Using this result in the string Lagrangian, Eq. Q4ip. one 
indeed findsi&, to lowest order in A, 



(45) 



in agreement with the assumption which led to the ex- 
pansion, Eq. 144|) . 

As long as the system maintains, in addition to condi- 
tion l|43|) . that its typical string wave velocity (given in 
this model by 7) is such that 7/a < Vpkp, we may neglect 
backward scattering by string fluctuations and describe 
the low-energy electronic dynamics by the Lagrangian 




where, provided the electrons interact through contact 
interactions V(s — s') cx S(s — s'), the velocities and Lut- 
tinger parameters are given by Eq. J2J. While in the 
arc-length parameterization the metric remains trivial, 
the electrons are still coupled to gauge potentials, which 
to second order in derivatives of Y read 

1 711 C —> -t 

Ax{s,t) = -d s R-8 T R (47) 

e 

~ _!!^ (d s Yd T Y + d T AX) . 



Note that the term proportional to n in Eq. (|4fj|> leads to 
the renormalization of the string mass density according 
to p — * p + mn. However, as expected, the coupling 
between the string and the electrons does not modify the 
form of the string elastic energy term. 

For a 5-correlated random potential the averaged dis- 
order part of the action contains the factor 

D fib S[X(s, r) - X(s', t')]S[Y(s, t) - Y(s', r')] ~ 
D Lb S(s - s')S[Y(s, t) - Y(s, t')} jl + i [d s Y(s, r)] 2 | , 

(48) 
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in which, to lowest order in Df tb \, we may replace the 
curly brackets by 1. 



B. Renormalization and Phase Diagram 

Integrating out the string degrees of freedom from the 
electronic Lagrangian, Eq. Ij46|l . yields at the level of the 
first cumulant (quadratic in derivatives of Y), a simple 
Luttinger liquid action, Eq. The contribution from 
the second cumulant (fourth order in derivatives of Y) 
modifies the values of v c , K c , and the coefficient of the 
simplectic term in the action by a small amount of or- 
der (mu c A) 2 A 1 ^ 2 (7/w c )i ; C c . In addition, however, it also 
introduces the terms 

PL (mv c \K c ) 2 j 1 ^ 13/2/w*. \a (V \ 



cos 



1 ( 2\u\ 
— arctan ^ 

2 \X-fk 2 



x# c (fc,w)0 c (-fc, -w) 



(49) 



of which the first originates from the breaking of trans- 
lation invariance along the x direction due to the bound- 



ary conditions on the string. These terms are rele- 
vant in the long-wavelength limit and dominate over the 
quadratic terms in the Luttinger action for k — > and 

uj < (jf) (mv c \) 4 j^ = v s /a, with the effect of sup- 
pressing slow fluctuations of C (effectively increasing the 
value of K c at long time scales) . Based on the flow equa- 
tions we have derived before we expect that this fact 
would lead to a reduction in the scaling dimension of 
the backward scattering disorder at scales larger than 
a. In the following we will ignore the contribution, Eq. 
(|49|l . (and possibly other relevant terms which emerge at 
higher orders in the cumulant expansion), thereby limit- 
ing our renormalization treatment to the range a < a. In 
that sense our results should be viewed as an upper limit 
on the domain of relevant disorder. 

Finally, averaging the disorder part of the action over 
the string dynamics one obtains an expression similar to 
that of Eq. {TTJ with 



F(r) 



47T7|t| 



1/4 



(50) 



which can be treated according to the lines indicated 
in the appendices to yield the following renormalization 
equations for the electronic and string parameters 



dKc 
dl 

dv c 
~dJ 

dK s 
d£ 

dv s 

m 

dy 
dt 

dVj_ 

dl 
dV b 
dl 

dX 
~d~i 

c h 



lVc 

2v, 



K. 



2 fv r \ Kc 2 /ll 



3 V v 



2 fv r \ Kc 2 / ll 



3 \v 



K c -K s -y 



K, 



2 3 \u, 



K, 



Kc 



K c 



-for t— i-* 



{2-2K s )y 



1 v, 



3 \v, 



K,. 



v s T> b , 
+ A(K S - K c ) - y 



11 

T 



K, 



4 1 



11 



-K c -K s -y\V b . 



(2-K c -K s -y) (l-e^/ 4 )]|A 3 / 2 P b , 



A',. 



i 



1 



(51) 



where f(v, K) is given in Eq. 1|21[1 . and where the dimen- sionless disorder amplitudes for this model are defined 
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according to 




The enhanced fluctuations of the floppy string do re- 
sult in a shift of the critical point which demarcates the 
border between regions of relevant and irrelevant flow 
for weak initial disorder potential. The position of this 
point is given by the condition 11/4 — K c — K* = 0, 
which for a spin-rotationally invariant system and in the 
case where y flows to zero implies that the system is de- 
localized for K c > 7/4 (we note once again that due to 
our inability to treat terms such as Eq. (|49|) this should 
be viewed as a lower limit on the extent of the delo- 
calized region.) This is to be contrasted with the pre- 
viously studied models for which derealization occurs 
under similar conditions for K c > 2. For a generalized 
model of a stiff and massive fixed-length string with elas- 
tic energy that is proportional to (d n R/ds n ) 2 one finds 
(ignoring potentially relevant terms which may arise in 
the course of the renormalization) a delocalized phase for 
K c > (3n+l)/2n. In close analogy to the situation in the 
other models we have considered in this study the fact 
that V b oc A -3/4 7~ 1/4 = p 3 / 8 ^ 1 / 8 implies that enhancing 
the string fluctuations by making p and 7 smaller has 
the effect of shifting the initial conditions of the flow to- 
wards smaller values of Vj,, thereby increasing the extent 
of the region in parameter space in which the disorder is 
irrelevant. 

As far as the CDW and SDW correlations are con- 
cerned, we find that their decay due to forward-scattering 
by disorder is given by 

6cos 2 (f) \vsj \ a J 

at least for |x|,w s |r| < a such that we may neglect the 
higher order corrections to the electronic effective action, 
Eq. (JUl. 

V. CONCLUSION AND DISCUSSION 

In this paper we have set out to explore the way in 
which geometrical fluctuations of a one-dimensional in- 
teracting system affect its renormalization flow in the 
presence of a random scattering potential. We have found 
that by inducing temporal variations in the disorder, as 
seen in the reference frame of the electrons, the geomet- 
rical fluctuations increase the region in parameter space 
where the disorder is an irrelevant perturbation. This is 
a result of processes in which potential wells diminish in 



time thereby releasing electrons that were trapped inside 
them. Other effects, such as decoherence of interference 
patterns which lead to localization also exist but are not 
captured by our treatment. We expect, however, that 
the latter are less important in one-dimension. Notwith- 
standing, unless the fluctuations are strong enough, the 
general features of the phase diagram are unchanged and 
the localization-delocalization transition for weak bare 
disorder remains at K c = 2, in the case of a gapless spin- 
invariant system. In the hierarchy of models studied by 
us only in the floppy string model the critical point has 
shifted towards weaker values of attractive interactions. 

Our results thus demonstrate the relative robustness 
of disorder-induced localization-effects in strictly one- 
dimensional systems. In order to suppress such local- 
ization effects it thus seems necessary to introduce some 
degree of two dimensionality into the system. This can 
be achieved by allowing the electrons to hop from one 
one-dimensional chain to the other. A simple realization 
is provided by ladders. For example, in the maximally 
gapped phase of a two-leg ladder— small disorder is an 
irrelevant perturbation when the Luttinger parameter, 
K c+ , associated with the gapless total charge mode, is 
greater than 3/2, thus smaller than for a single chain. In 
a two leg bosonic ladde^ or in the spin-gapped phase of 
a four-leg ladder 19 disorder is irrelevant for K c+ > 3/4. 
The results of introducing geometrical fluctuations to 
such ladder systems are yet to be studied. Understanding 
such effects would be very interesting, since, despite the 
fact that the disorder is an irrelevant perturbation, a fi- 
nite amount of disorder is still quite efficient in killing the 
superconducting phased. As we have seen for the case 
of a single chain, string fluctuations are quite efficient in 
diminishing the size of the localized region even when it 
is not able to change the critical point. One could thus 
expect particularly interesting effects of such fluctuations 
in the case of ladders. 
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APPENDIX A: THE IMPURITY FORWARD 
SCATTERING CONTRIBUTION TO THE FLOW 
EQUATIONS 

Here we briefly demonstrate how the forward scatter- 
ing component of the disorder influence the renormal- 
ization of the electronic parameters of the rigid string 
effective action, Eq. I|ll|) . To this end, we con- 
sider the correlation function R c {x\ — X2,ti — T2) = 
(T Te iV2^Mxi,Ti) e -iV2^Mx2,T 2 )^ Xo first order in the dis- 
order strength one finds 
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1 



drdr' _ 

|T-T'|>0/«. y'l _ e -W0|T-T'| 



x — x 2 



(X - Xl) 2 + v\{T - Tl) 2 (X ~ X 2 ) 2 + V 2 C {T - T 2 ) 2 
X — X\ X — x 2 



{X - Xl ) 2 +vi(T' - Ti) 2 (X - X 2 ) 2 +vi(T< - T 2 ) 



backward scattering 
contribution 



(Al) 



with 



F c (f) = ^ln 



X 2 + V 2 T 2 



V 2 T 2 



c 9 . —2 9 

ar 4- v r .r z 



(A2) 



where initially f c = 0. After carrying out the integration over x and the center of mass coordinate (r + r')/2 in Eq. 
(|A1|) . one obtains 



J? c (xi - X2,Tl - T 2 ) 



-F c (ri—r 2 ) 



v c K c V f 



dr\ 



4 J\ V \>a/v B a y/l- e'^^W 



hi 



(xi -x 2 ) 2 + v I c {rj + T l -t 2 ) 2 



v 2 c r\ 2 



2(xi -x 2 ) 2 



(xi - x 2 ) 2 + v c (r) + Ti - r 2 ) 2 



backward scattering 
contribution 



(A3) 



The flow equations are derived by requiring that the long 
range behavior of R c remains invariant under a change 
in the cutoff a =— ► a + da = a(l 4- d£). In order to 
maintain such invariance the missing contribution from 
the integration over (a + da)/v s > \r)\ > a/v s should 
be compensated by an appropriate change in K c and f c 
(the latter is related 3 to a change in v c ). The invari- 
ance of the remaining integral over \r)\ > (a + da)/v s 
determines the flow of P/ and w. The equations for K s , 
v s and y can be derived in a similar manner by con- 
sidering the correlation function R s (x\ — x 2 ,t\ — t 2 ) — 
(T Te iV2^4>s(xi,r 1 ) e -iV2^ci> s (x 2 ,T2)y They, however, do not 
contain the forward scattering amplitude. Including 
the contribution stemming from the backward scattering 
piece, as described in Ref. 0, one arrives at 



^ = (2-2K s )y- 



dl 
dV b 
dl 

& 
dl 



V,, 



Vl - e-' 
(3-K c -K.- y)V b , 

w + 0{V) . 



(A4) 



These results are readily extended to the cases of the 
elastic and floppy strings by replacing the expression for 
F(t) in Eqs. I|A1IIA3|) with its appropriate form for these 
models, Eqs. I|35I50|I . 



dKg 
dl 

dv c 
~dl 

dK s 
dl 
dv s 
dl 



Vc 1 (Vb 

v s Vl - e~ ro V 2 
v 2 1 (Vb 
™ V 2 
V h K 2 



v s VT- 

T>bK s v s 
2Vl - e" 



2VT 



A', 



APPENDIX B: THE FLOW EQUATIONS FOR 
THE STRING PARAMETERS 



To obtain the flow equation for the rigid string param- 
eters we consider the correlation function R u {t\ — t 2 ) — 
(T t u(ti)u(t 2 )) , where the average is with respect to the 
effective action, Eq. (118(1 . To first order in the disorder 
strength one finds 



\Ar\ 



dr) 



1 



V f CK c 



\Ar\ 



dr\ 



_«2 N 3/2 



1 



A 2 £ 



a 

dr] 1 



|Ar| a (l- e -^) 3/2 



_ =2 n 1 3/2 
£>6 



1 

W 



I At 



a 
'7 

Ar 



1 



lArl 



— |f 1 — cosh _|_ 1^ s i nn 
a \ a / a 



Wl] 

a 



1 

w 



lArl 



1 — cosh 



a J a a 



K c + K 3 



+ V f K c 



sinh ■ 



(7 



- ( h - ) cosh ■ 

w a . 



I At 
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(Bl) 



where Ar = ?j s (ti — t 2 ) is assumed larger than a and 
f(v,k) is given in Eq. l(2*T|) . 

The last two integrals in Eq. (|B1|I are invariant un- 
der a change in the cutoff a — > a + rfa provided one uses 
the previously derived renormalization equations for the 
electronic and disorder parameters, Eq. (|14|l . and as- 
sumes dw/d£ = zu + 0(T>). The remaining terms may be 

brought to the form X 2 s e ro ° tf <» with 



n7 + P £ 



Q dr/ 1 - cosh ^ 



|Ar| 



dr\ 1-cosh^ 
~(l-e-^) 3/2 



1 - e 

a 
'7 



3/2 



(B2) 



X 2 
A cff 



P fc £A 2 



f(v,K) 



a dr, 1 - cosh HI2 + IE2 sinh 221 

' a a a 



_ roT J \ 3/2 



|Ar| 



dri 1 - cosh ^ + ^ sinh ^ 



(1 



_ OTT? \ 3/2 



The renormalization equations for the string parame- 
ters, Eq. (|20|) . then follow from the requirement that 
R u remains invariant under a change of the cutoff, i.e., 
d (3*) jdl = and dX eS /d£ = 0. 

In the case of the Gaussian string we find 



Vu(x 1i t 1 )u(x 2 ,t 2 )) = F u (n - r 2 ) (l - [ dkX 3 k 2 K c V f (k) f°° *L (2)' 
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where f(v, K) is given by Eq. (|21|) . and 
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with the bare value f u = 0. The term containing T>f(k) 
in Eq. (|B3|I is invariant under a — ► a + <ia provided we 
use the flow equation for T>f(k), as given in Eq. l|57|) . and 
assume d\jdl = 0(T>), dv u /d£ = 0(D), which is consis- 
tent with the final result. The renormalization equation 
for the length A, is derived from the invariance require- 
ment of the remaining logarithmic terms in Eq. I|B3|) 
and using the flow equation for T>b(k). In order to ob- 
tain the renormalization of the string wave velocity we 
first note that d(f u X 2 )/d£ = dX 2 /d£. Secondly, a renor- 



malization v u — > v u + dv u in the logarithmic part of F u 
is equivalent to a renormalization of / U A 2 according to 
d(f u X 2 )/d£ = (A 2 /v u )dv u /d£. Combining the two we find 
that to first order in 2? 

dv u 2v u dX 

~~dl = -de ' (Bo) 

which results in the renormalization equations, Eq. J2HJ- 
For the floppy string one obtains 
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where As = s\ — S2 and At = t\ — r^. The q inte- 
grals in the above are dominated by the small q region, 
therefore allowing us to expand the hyperbolic functions 
in the integrands. Using the flow equations for the elec- 
tronic and disorder parameters, Eqs. 1)5 l|l. and assuming 
dXjdl = -X + 0{V) and d(~//v s )/dl = 0, the scale invari- 
ance of the last two -q integrals in Eq. (|B6|I is then readily 
verified. The remaining two terms may be expressed as 

A^L J dqJ^^qAs—fKaaATq 2 where 



A c ff = A 
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The requirement that d{X c sa)/dt = results in the 
rcnormalization equations for the string parameters in 
Eqs. JSU). 
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